Cosmological evolution driven incorporating continuous particle creation by the time-varying gravitational field is investigated. We consider a spatially flat, homogeneous and isotropic universe with two matter fluids in the context of general relativity. One fluid is endowed with gravitationally induced "adiabatic" particle creation, while the second fluid simply satisfies the conservation of energy. We show that the dynamics of the two fluids is entirely controlled by a single nonlinear differential equation involving the particle creation rate, Γ(t). We consider a very general particle creation rate, Γ(t), that reduces to several special cases of cosmological interest, including Γ = constant, Γ ∝ 1/H n (n ∈ N), Γ ∝ exp(1/H). Finally, we present singular algebraic solutions of the gravitational field equations for the two-fluid particle creation models and discuss their stability.
INTRODUCTION
Current astronomical observations show that the recent history of the universe is consistent with accelerated expansion that might be described either by some exotic dark energy fluid in the framework of Einstein's gravitational theory or by a modification of the gravitational theory itself. This state of affairs has motivated the scientific community to look for alternative theories which can reproduce the effects of the dark energy or modified gravity models in a natural way. The theory of gravitational particle production has a long history. The production of quantum particles by the gravitational field was first investigated in the context of the early universe [1] as a device for damping initial anisotropies, following Schrödinger's first look at quantum fields in an expanding isotropic universe [2] , although such damping was likely to produce far more radiation entropy than is observed in the microwave background [3] . Later, a classical counterpart to the quantum particle production was described by Grishchuk [4] , and subsequently, cosmological particle production was examined extensively in the literature and used as a means of describing the generation of inhomogeneities during inflation. Many investigators [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] (and references therein), have argued that the particle production process might be considered as another approach to explain different phases of the universe's evolution. In particular, it has been found that such particle creation phenomena can describe early acceleration [5] [6] [7] [8] [9] and late acceleration in the expansion of the universe [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Particle creation might provide a way to unify the early-and late-accelerated expansions with intermediate radiation and matter dominated phases of the universe [14, 22] . The development of a theory of particle production rests upon the choice of the creation rate Γ(t), which is an unknown function of time and it can only be determined from the quantum field theory (QFT) in curved spacetime; however, QFT is not yet able to provide the exact functional form for Γ(t). Therefore, it is convenient to study some different particle creation rates and build up a picture of the classes of cosmological evolution that arise from different choices for Γ(t). This approach is phenomenological but it allows us to constrain the choice of the particle creation rates from their effects. It is possible to identify the particle creation rates with the dark energy equation of state, or the modified gravity effects, because the introduction of a particle creation rate is equivalent to a time-varying (effective) equation of state [23] . Following this, several phenomenological choices for the form of Γ(t) have already made by different authors [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . However, a theory for a general form of Γ(t), recovering some well known choices as special cases, is an appealing goal.
It is useful to elaborate on the connection between the quantum particle production studied in references like [1] and the classic picture of particle production that we use here by introducing a non-adiabatic term in the conservation equation for one of our fluids. In effect, this is equivalent to endowing that fluid with a bulk viscosity [24] , which is the only form of dissipative stress allowed in the isotropic models. There are bulk viscous cosmological solutions that display an increasing density of particles for a period, starting from zero at an initial curvature singularity, before their density begins to fall adiabatically because of the domination of the expansion effects. These effects lead to entropy increase so long as the bulk viscous coefficient is positive [24] . Our model described in eq. (6) below is a cosmology with a classical bulk viscous stress that can induce particle creation in the form of particle density increases.
We will consider a spatially flat homogeneous and isotropic universe where the gravitational sector is described by general relativity and the total matter sector is divided into two fluids where one fluid (named as fluid I) is endowed with "adiabatic" particle production process and the second fluid (fluid II) is independently conserved. With this set up, we find that the dynamics of the universe is governed by a nonlinear differential equation which is dependent on the choice of the particle creation rate. We explore the dynamical evolution of this cosmological model using exact solutions of Einstein's equations for a generalized choice of the particle creation rate, Γ(t). By applying the method of singularity analysis to the nonlinear differential equations [30] [31] [32] [33] [34] [35] , we find that their solution can be written in terms of the Laurent series around their movable singularity.
The work has been organized in the following way. In section 2, we describe the field equations for a two-fluid system endowed with a particle creation mechanism in the framework of Einstein gravity. In section 3 we describe the analytic solutions for the cosmological model with a general series form for the particle creation rate. Finally, in section 4 we summarise our main findings.
FIELD EQUATIONS FOR A TWO-FLUID MODEL WITH PARTICLE CREATION
We consider the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric,
where a(t) is the expansion scale factor and t is comoving proper time.
We assume that the gravitational sector is described by the Einstein gravity and the matter sector is described by the two-fluid system, with energy densities and pressures: (ρ, p) (fluid I) and (ρ 1 , p 1 ) (fluid II) where one fluid (fluid I) is endowed with "adiabatic" particle creation mechanism. With the term "adiabatic" we mean that the entropy per particle remains constant.
The gravitational equations for such two fluid system can be written as (in the units 8πG = 1)
where an overhead dot represents the cosmic time differentiation; p, ρ are respectively the thermodynamic pressure and the energy density for fluid I with p = (γ − 1)ρ, (0 < γ ≤ 2 is the barotropic state parameter), while p 1 , ρ 1 represent the same quantities for fluid II with p 1 = (γ 1 − 1)ρ 1 , (0 < γ 1 ≤ 2 is the barotropic index of fluid II). The quantity p c is the creation pressure due to the production of particles and this is related to fluid I by
where H =ȧ/a is the Hubble rate of the FLRW universe and Γ ≥ 0 is the rate of particle creation, which is an unknown quantity. The exact functional form for Γ(t) can only be determined from the quantum field theory in curved spacetimes, otherwise it must be modelled by a general functional dependence on physical quantities. Since that subject is not fully developed yet, we assume specific functional forms for Γ and try to explain the ensuing cosmological evolution. An important observation about the pressure term (3) is that if fluid I describes the cosmological constant, with p = −ρ, then p c vanishes.
We note that the expression (3) follows from the Gibbs equation together with the property that the entropy per particle is constant. In particular, if n stands for the particle number density, then the nonconservation of fluid I particles followsṅ
while the Gibbs equation,
in which p c is defined through equation (3) and 's' denotes the entropy per particle which has been considered to be constant. Hence, for the fluid I one finally haṡ
from which one can solve the evolution for ρ [23] :
where ρ A > 0 is an integration constant. As already noted in [23] , the evolution equation for ρ in (7) actually provides an equivalent description for a fluid with a dynamical equation of state. We can interpret the first of (6) as the conservation for a fluid with a bulk viscous coefficient equal to Γ(t)γρ/9H 2 , [24] . For different creation rates, different fluids can be realized for a fixed γ. The second fluid, (fluid II), is assumed not to have any interaction with fluid I, and so obeys the usual conservation equation:
where the integration constant ρ 1,0 denotes the present value of ρ 1 (t).
Using the field equations (1), (2), together with the evolution of the second fluid from (8), we can derive the master differential equation for this two-fluid system, as
where, as already mentioned, γ, γ 1 > 0. We remark that in the limit γ 1 = 2 3 , the dynamics reduces to the previous work with curvature of the universe added, see [23] .
We continue with the definitions of the total equation of state w tot and the deceleration parameter q(a) providing a clear picture of the different phases of the universe. The total equation of state w tot of the two-fluid system is defined by w tot = P tot /ρ tot , where P tot = p + p c + p 1 , and ρ tot = ρ + ρ 1 . Using the field equations (1) and (2), this can be recast into the following simplified expression
where ρ 1 can be found from (8) .
We note from the total equation of state in (10), that we can derive different bounds on it. In other words, the total fluid could behave like a radiation fluid (w tot = 1/3), or a dust fluid (w tot = 0), or a pure cosmological constant (w tot = −1), depending on the particular different particle creation rate Γ, independent of γ and γ 1 . In Table I we have explicitly listed different particle creation rates corresponding to distinct phases of the universe's evolution.
Following the above equations, we can see that the rate of particle creation, Γ, plays a key role in determining different stages of the universe's evolution. In addition, it is interesting to calculate the particle creation rate at the transition scale factor a = a t by solving the equation q(a = a t ) = 0, which gives,
In the next section, we introduce a generalized model for Γ and apply the singularity test [33] [34] [35] to find the exact analytical solutions for the master equation (9) .
Mimicking Fluid
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SINGULARITIES AND ANALYTIC SOLUTIONS
In this section we present the solutions for the master differential equation (9) by applying the singularity analysis for a general matter creation rate Γ. We begin our analysis by introducing the following generalized series for the matter creation rate:
where the Γ i 's (i = 0, 1, ...n) are constants. From equation (11), we see that different choices of the constants, Γ i , give different matter creation rates. In particular, we can recover some simplest matter creation rates, such as, Γ = Γ 0 , 1/H, 1/H 2 , as well as quadratic forms, Γ = Γ 0 + Γ 1 /H, or Γ 0 + Γ 2 /H 2 , and various others. In addition, we see that in the early universe, where H → ∞, it follows that Γ (H) Γ 0 from eqn. (11). This is the focus of our investigation because we are looking for singular solutions.
The series (11) can also describe other forms of particle creation function for specific values of the coefficients Γ i ; for instance, when
then, the series (11) is the Taylor expansion of the exponential function
around the point at which H → ∞. Similarly, series (11) can describe other particle creation models for specific values of the coefficients, and our analysis is valid for all the particle creation models which can be described by the series (11) , and hence, the present work offers a general study of these particle creation models. The solutions that we derive can also be seen as approximate or exact solutions for all the particle creation models close to the singular solution which corresponds to the dominant term in the series for Γ(H). In order to understand the evolution of the cosmological model given by (9) for the prescribed particle creation rate (11) in Figures 1 and 2 , we present the numerical evolution of the deceleration parameter q (a) for the initial conditions a (t 0 ) = 1 andȧ (t 0 ) = 70, where the present value of the Hubble constant is H 0 =ȧ and Ω m0 0.3. In both figures the Γ i coefficients of the particle creation function Γ (H) have been considered to be positive.
From Fig. 1 and Fig. 2 , we observe that in the early universe, the universe is dominated by the matter source and there always exists a de Sitter point as a future attractor. These de Sitter points can be easily calculated in a similar way as in [23] .
ARS algorithm
In order to derive the analytic solutions of the master equation (9) we work with the approach of Kowalevskaya [25] , and determine if the second-order differential equation (9) possesses the movable singularities. The existence of a movable singularity means that the solution of equation (9) near the singularity is described by the power-law function a (τ ) τ p , τ = t − t 0 , where p is a negative number and t 0 denotes the position of the singularity. The position of the singularity changes according to the initial condition of the problem which means that different initial conditions provide us with different locations for the singular point. Ablowitz, Ramani and Segur (ARS) [26] [27] [28] , proposed an algorithm to test if a given differential equation is integrable when an algebraic solution exists given by a Laurent expansion.
The ARS algorithm is briefly described by the following three main steps [33] : (a) Determine the leading-order behaviour, at least in terms of the dominant exponent. The coefficient of the leading-order term may or may not be explicit.
(b) Determine the exponents at which the arbitrary constants of integration enter. (c) Substitute an expansion up to the maximum resonance into the full equation to check for consistency. For the singularity analysis the exponents of the leading-order term needs to be negative integers or a non-integral rational number. However, this is not so restrictive since we can always perform a change of coordinates in order to obtain a negative exponent for the leading-order term.
In order that the differential equation passes the Painlevé test, the resonances have to be rational numbers, so that the solution can be written as a Painlevé series. Alternatively, if at least one of the resonances is an irrational number, the differential equation passes the weak Painlevé test. Moreover, the value minus one (−1) should always appear as one of the resonances. The existence of that resonance is important in order for the singularity to be movable. Laurent expansion) the resonances must be non-positive while for a full Laurent expansion the resonances have to be mixed. Obviously, the possible Laurent expansions for second-order differential equations are either left or right Painlevé series. For a review and various applications we refer the reader to Ref. [29] , while different applications of singularity analysis in cosmological studies can be found in [35] [36] [37] [38] [39] [40] [41] and references therein.
Leading-order behaviour
We continue by applying the first step of the ARS algorithm to determine the leading-order behaviour. We substitute, a (t) = a 0 (t − t 0 ) p , in the master equation (9), where we find that for γ = γ 1 , there are two possible leading-order behaviours are described by the power-law functions 
The scale factors a B (τ ) describe solutions with perfect fluids. The function a A (τ ) corresponds to the matter solutions in which the perfect fluid with γ 1 dominates, while function a B (τ ) describes a solution in which the fluid term with γ dominates.
Furthermore, the coefficient parameter a B0 is found to be arbitrary, while a A0 is related to the energy density ρ 1,0 by ρ 1,0 = 4a
The coefficient a B0 is the second-integration constant which controls the generic solution of the master equation (9) . The position in the Laurent expansion of the second integration constant in the leading-order behaviour, a A0 , is determined by the values of the resonances. The later will be found below. Finally, note that in the case where γ = γ 1 , there exists only one leading-order term, the a B (t) , with an arbitrary value for the coefficient a B0 .
Resonances
The second step in the ARS algorithm is the determination of the resonances. We substitute the following expression,
in the master equation (9) then we linearize around ε = 0. The coefficients of the leading-order behaviour provide a polynomial equation of order two, whose solutions are the resonances, s, of the leading-order behaviours a A (τ ) and a B (τ ). For the dominant term, a A (t) , the resonances are calculated to be
This means that, for γ > γ 1 , the solution will be given by a left Painlevé series, while when γ < γ 1 the solution is given by a right Painlevé series. For the dominant term, a B (t), the resonances are calculated to be
Resonance s B2 indicates that the second integration constant is a B0 -which we calculated above.
In the case where γ = γ 1 , the two resonances are found to be
From the values of these resonances we can extract more information than the position of the second integration constant. In particular, from the discussion in [34] we find that when the solution is given by a left Painlevé series, the leading-order term describes an attractor solution, while when the solution is given by a right Painlevé series the leading-order behaviour is described by a source point and so is an unstable solution. Furthermore, when the solution is given by a full Laurent expansion the leading-order behaviour is described by a saddle point.
Consistency tests and analytic solutions
We continue with the consistency test and we write the analytic solution in terms of Laurent expansions. However, in order to continue it is necessary to select values of the equation of state parameters of the two perfect fluids.
The consistency tests that we present are for combinations of dust and radiation: (A) (γ, γ 1 ) = 1, , and (D) γ = γ 1 with γ = 1. The coefficient terms that we calculate are the first terms until the parameter Γ 2 of (11) appears. 
This means that the solution starts from the radiation era and is given by a right Painlevé series. Moreover, we can infer that the solution in the radiation era is a source, that is, it is an unstable solution.
The analytic solution is given by the right Painlevé series with step
The second integration constant of the solution is the coefficient term a A1 , while the rest of the coefficients, a Ai , are functions of a A1 and the parameters Γ i , as follows:
and
From these expressions it is clear that the higher polynomial terms of the particle creation function (11) play a crucial role in the analytic solution as we evolve far from the radiation era.
Radiation with Particle creation and pressureless fluid
In order to test the consistency of the second solution with leading-order term a B (τ ), we select γ = 4 3 and γ 1 = 1. Hence, the analytic solution is given by the right Painlevé series with step
where now a B0 is the second integration constant. The first six coefficients are given by the following expressions
Again, we observe that as we go far from the leading-order term, i.e. from the radiation era, the coefficients of the higher polynomial terms are involved in the solution.
3.4.3. Radiation-like fluid with particle creation and radiation
Now, in the case in which γ = γ 1 and γ = 4 3 , the generic analytic solution is given by the Laurent expansion
where a C0 is arbitrary and the first non-zero coefficients are
We note that the non-zero coefficients are the a Ci = a C(2k) , k ∈ N.
Dust with particle creation and pressureless fluid
In a similar way, when γ = γ 1 and γ = 1, the general analytic solution is expressed by the Laurent expansion
which starts from the matter-dominated era.
The coefficient a D0 is the second integration constant of the solution, while the first non-zero coefficients are calculated to be,
We note that the non-zero coefficients are the a Di = a D(3k) , k ∈ N.
CONCLUSIONS
An explicit form of dark energy or the presence of modifications to general relativity gravity are two independent roads towards an explanation for the observed acceleration of the universe. Here we consider a third alternative through which we can describe the observational results in a convenient way. A theory of gravitational particle production has shown that different phases of the universe can be explained [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and so it was argued that the particle creation formalism might be considered as a viable alternative to the dark energy or modified gravitational theories. The key role in gravitational particle production is played by the rate of particle creation Γ(t) which has an equivalent character to an effective dynamical equation of state, and so we can consider various phenomenological models for Γ(t). But, except for some simple choices of the creation rate, the dynamics of the universe cannot be obtained in an analytic way. This motivated the present paper, where for the first time we present the exact solutions of the gravitational field equations for a system of two fluids model including particle creation.
In particular, assuming a spatially flat Friedmann-Lemaître-Robertson-Walker universe described by the Einstein gravity, we consider two perfect fluids with barotropic equations of state where one of them is endowed with particle creation, as if it possessed a bulk viscosity, while the other fluid obeys the standard conservation law. Interestingly, we found that the dynamics of such a two-fluid particle creation system can be concisely described by a single nonlinear differential equation (9) that involves the particle creation rate Γ(t). We recall that the above two-fluid particle creation system might be considered to be an equivalent cosmological scenario to a single fluid associated with particle creation in the presence of curvature [23] . However, since the particle creation rate Γ(t) is any unknown function and its detailed functional form is unknown (it must be derived from QFT in future), we widen our investigations by allowing a general particle creation rate (11) that recovers some specific particle creation models as special cases, namely, Γ = Γ 0 = constant, Γ ∝ 1/H n (n ∈ N), Γ = span{Γ 0 , H −1 , H −2 , ..., H −n } (n ∈ N), as well as some other exceptional but interesting choices like Γ ∝ exp(1/H). Following a singularity analysis applied to the nonlinear differential equation defining the theory, we see that the master equation in this work, i.e., equation (9) can pass the singularity test and hence, the solution for the gravitational equations can be written in terms of the Laurent series around the movable singularity. We note that we do not consider choices like Γ ∝ H 2 in the general model of Γ in (11) , since for such models, the governing differential equation does not pass the singularity test [23] .
Therefore we see that for the present two-fluid cosmological model with gravitationally induced "adiabatic" particle creation, we can obtain the singular algebraic solutions to the gravitational field equations for a class of particle creation models given in (9) . Finally, we mention that the present work can be extended to more than two fluids model in presence of the particle creation, although the dynamics could be more complicated .
